Signatures of Strong Momentum Localization via Translational-Internal Entanglement 
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We show that atoms or molecules subject to fields that couple their internal and translational 
(momentum) states may undergo a crossover from randomization (diffusion) to strong localization 
(sharpening) of their momentum distribution. The predicted crossover should be manifest by a 
drastic change of the interference pattern as a function of the coupling fields. 

PACS numbers: 64.60.Cn, 39.20.+q, 03.75.Dg 



It is well known that potential energy disorder added 
to a spatial lattice of energy degenerate sites may cause 
localization of an otherwise delocalized (hopping) quan- 
tum mechanical particle This localization is cru- 
cially dependent not only on the amount of disorder, but 
also on the lattice dimensionality P, S 13 ■ Momentum 
localization may be caused by time-dependent pertur- 
bations 01 . Here, we consider the hitherto unexplored 
analogs of these phenomena in the momentum space of 
a diffracted particle, due to correlations of internal and 
translational states within the particle. We show that 
such translational-internal entanglement (TIE) may in- 
cur disorder that causes a crossover from diffusion to 
strong localization of the momentum distribution and 
thereby a drastic change in the diffraction pattern, even 
for particles with few internal levels. 

The first point we must address is: how to create the 
intra-particle momentum-space analog of a perfectly or- 
dered lattice, in which all sites have equal energy? The 
free particle energy-momentum relation implies that each 
momentum state carries a different energy. An ordered 
lattice can however be achieved, by correlating (entan- 
gling) a selected set of discrete momentum states with 
eigenstates of different degrees of freedom. This means 
that the corresponding states |A:„,n), where fikn stands 
for the momentum of state n, and e„ for the energy eigen- 
values of its additional degrees of freedom, satisfy in an 
ordered, momentum-space "lattice" 
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It will be shown later that such TIE may 



also yield momentum lattices which deviate from condi- 
tion and have controllable dimensionality and disor- 
der. Alternatively to TIE, one may entangle orthogonal 
momentum components of the particle. However, this 
has the limitation of complicating the resulting diffrac- 
tion pattern (see below). 

In order to create such a TIE particle, consider a cold 
atom or molecule (assuming a non-interacting ensemble 
thereof) initially prepared in a single internal state |0) 
and in a narrow wavepacket of momentum states cen- 
tered around hko. The state |fco,0) can next be coupled 
to a band of N long-lived, non-degenerate states |fc„,rt) 



via Raman near-resonant pairs of laser beams (see Fig. 
^a)), analogously to 1^. In turn, these N states may be 
quasi-adiabatically Raman-coupled among themselves. 
Examples of appropriate systems are atomic ground- 
state hyperfine/Zeeman sublevels, multiplets of circular 
Rydberg states, or rovibrational bands of a molecular 
ground state. Following the outlined quasi-adiabatic Ra- 
man sequence, the system occupies a "lattice" of en- 
tangled momentum-internal states, whose dimensionality 
and disorder are controllable by the Raman couplings, as 
detailed below. 

The system Hamiltonian Hs and the dipolar system- 
field interaction Hamiltonian Hj in the Rotating Wave 
Approximation (RWA) are |^ 

N 
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Here, |fc„,n)g are the states of the stable (long-lived) 
band with momenta {fikn)g and energies hujn \ whereas 
I |fce,e|) refer to states of a far-detuned, intermediate 
unstable (electronically-excited) band. The -|- and — 
steps of the Raman coupling consist respectively of vir- 
tual (off-resonant) transitions \kn,n)g <-> ||A:e,e|) ^ 

|fc^,7i')g via pairs of laser beams with frequencies I'+^n 
and J^__„' and respective wavevectors The 

The 



corresponding Rabi frequencies are flU"^ and 

,(9) 



frequencies are chosen such that i'- 
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Hence the two-step Raman process \kn,ri)g — > \kni,n')g 
is near-resonant only for a chosen pair of laser beams, 
causing energy and momentum transfer of ?i(t^_|-_„ — ;/_,„/) 
and ?i(g+_„ — (f__„/), respectively. In the frame trans- 
forming away the laser frequencies and wavevectors and 
upon adiabatically eliminating |^ the intermediate un- 
stable states ||A:e,e|) from the Schroedinger equation 
yields the following pairwise coupling equations for the 
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eigenstate amplitudes c„ and c„ 



(3) 



Here we have assumed sufSciently weak fields to neglect 
power broadening corrections (AC Stark shifts), as well 
as the off-resonant linewidths of the far-detuned fields 

ni^I/iiy±.n - ^^"^ - « leg- 

Even with the near-resonant Raman selectivity im- 
posed on lO, it allows for rich, complex dynamics. Here 
we wish to map Q onto known models of strong local- 
ization 1]. To this end, we require: 
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const.; J„ 



J — const. (4) 



These requirements amount to adjusting the frequen- 
cies i'±^n and the two-step Rabi-frequency product to 
be independent of n,n'. The momenta hkn' = h{kn + 
q+^n — Q-,n') are separately controlled to give equal di- 
agonal energies (ordered "lattice") or random energies 
En (disorderd "lattice"). The disorder is measured in 
terms of the width A of the flat (uncorrelated) distri- 
bution of on-diagonal energies, such that the random 
En G [- A/2, A/2]. 

Our setup allows the creation of momentum-space con- 
figurations with any effective dimensionality. This di- 
mensionality is not related to the spatial dimensionality 
of the atomic or molecular ensemble, but rather to the 
off-diagonal coupling terms. A ID momentum-space lat- 
tice is created by resonantly coupling states \kn,n) with 
the states \kn+i,n + 1) and vice-versa. In order to ful- 
fill periodic boundary conditions, in a system of finite 
size N, we couple \kN,N) <^ The single-particle 

Hamiltonian describing the system in the entangled basis 
|fci, z) is represented by the matrix 
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The ability to satisfy Eqs. JSJ, Q so that lO is realized is 
numerically demonstrated in Fig. 1(c): laser beam pairs 
selectively couple level pairs with equal J but random 

En- 

By adding Raman resonant laser-beam pairs, such that 
each state ( "lattice site" ) is coupled to an increasing num- 
ber of other "sites" , the Hamiltonian emulates a system 
of higher dimensionality. Thus, ID, 2D and 3D "lattices" 
are realized when each "site" has 2, 4 and 6 neighbors, 
respectively (see Fig. ^b)). Specifically, we assume the 
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FIG. 1: (a) Proposed setup: tlie internal states of a cold atom 
(or molecule) are mixed by pairs of Raman beams and become 
entangled with different momentum states. Full lines indi- 
cate an ordered lattice of energies, dashed lines - a disordered 
lattice, (b) Momentum-space dimensionalities ID, 2D, ooD, 
illustrated by lattice graphs with different connectivities, (c) 
Numerical Raman coupling strengths in log scale for Li atoms 
in a ID setup (for parameters at paper end). 



number of sites N equals the system size L in ID, in 
2D and in 3D. Therefore, the neighbors of site i in 
ID are i ±1, in 2D the neighbors z ± L are added, and 
in 3D - i± are added. This dimensionality argument 
holds as long as all N "sites" have the same connectivity 
P, 13, 13 J as we assume in the following. In the N ^ 00 
(thermodynamic) limit, this system is equivalent to ei- 
ther a perfect or a disordered infinite lattice, depending 
on A. 
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FIG. 2: Momentum distribution for random systems with 
(A/ J) = 1 (red-dashed) and (A/ J) = 10 (blue-soUd), in a 
ID system with TV = 10 states, compared to a periodic (reg- 
ular) system with (A/ J) = 10 (green-dotted). The random 
momentum distribution is delocalized for (A/J) = 1, while 
strong locahzation appears for (A/J) = 10. The periodic 
distribution is not localized for (A/J) — 10. A localization 
"crossover" is found even though a random ID system should 
not exhibit a transition, due to finite size effects. 



As is well known, in ID any amount of random dis- 
order causes localization In Fig. [21 we present 
the results of our ID lattice calculations for the adiabatic 
ramping-up of the two-photon couphng J, and different 
values of the diagonal disorder A. We plot the ground- 
state ID momentum distribution for = 10 different 
states |fc„, n), a setup not too difficult to realize. It can be 
seen that finite size effects, resulting from the finite num- 
ber of states N, are manifest as an artificial "localization 
crossover" in this ID configuration (this occurs also in 
2D): the localization length increases with a reduction in 
the strength of the disorder, until, for small enough dis- 
order, the localization length exceeds the length of the 
system, causing the momentum distribution to appear 
delocalized. 

In order to quantify the localization crossover for each 
effective dimensionality, one can use the ground-state mo- 
mentum distribution, and apply such standard measures 
as the entropy or the Inverse Participation Ratio (IPR) 
0- We suggest a different localization measure, appro- 
priate for atomic or molecular interferometry [J: (a) 
Consider an internally structured particle that is incident 
upon an interferometer in a state with a narrow momen- 
tum distribution /(fc — fcp) around fco and an arbitrary 
superposition of internal-energy eigenstates \n): 

l^m) = / (ifc/(fc - fco)|fc)y^c„|n); 

•' n 

(r>,„) ~ e''='^°-*'^c„|n). (6) 

n 

In a Mach-Zehnder Interferometer (MZI), it is split be- 
tween two alternative, interfering paths, fi and r2- Be- 
cause of the internal-translational factorization, such a 
state can exhibit a high- visibility interference pattern Q , 



since its propagation in the MZI results in 

n 

(b) By contrast, the output state resulting from TIE 
propagation in the MZI is 

infant) = {nUTIEH^n) = Cne'"""'^'^'''-'''^ \n) , (8) 

n 

where c„ and kn are subject to Eqs. ©-Q above. The 
averaging of the detection probability of state © over 
\n) tends to wash out the interference fringes: 

Trn{{r^i>out){'>Pout\'r)} = ^ \cnfcos'^[kn ■ in -r^2)]- (9) 

n 

Thus, the width of the momentum distribution of such a 
TIE particle is directly related to the visibility of the 
interference fringes measured by passing this particle 
through a MZI. Specifically, for a flat distribution of |c„p, 
the interference pattern JHl is ^ [1 -I- sinc{koL)], assum- 
ing kn — kon and system size L. Thus, the visibility 
scales as 1/L, approaching zero for L oo. By contrast, 
for a localized distribution |c„p ^ e"'''", the interference 
pattern becomes ^ + ^^2^^i;'i [jcos (koL) + kosin (koL)]. 

The visibility is then ^^t^^t, i-e. it does not depend 
on the system size L and it approaches 1 in the localized 
limit 7 >> /cq. In Fig. |3{a) we plot the visibility of the 
interference pattern as a function of the disorder A/J 
for a 3D system, showing a crossover from a delocalized 
state (low visibility) to a localized state (high visibility). 

It is possible to distinguish between an artificial transi- 
tion caused by finite size effects and a true transition, by 
checking the scaling of the "crossover" point {A/J)c as 
a function of system size. The "crossover" point is found 
upon adiabatically ramping up the coupling for different 
values of A/J, and calculating the visibility for the re- 
sulting momentum distribution. A true transition should 
occur at the discontinuity point of the derivative of the 
visibility, i.e. it should jump from zero to its maximal 
value. Due to finite-size effects, the smoothed "crossover" 
is at the point of the maximal derivative of the visibihty 
(as a function of A/J), which remains continuous. 

In Fig. ISIb) it can be seen that for ID the "crossover" 
point flows toward (A/J)c = (this occurs for 2D 
as well), indicating that there is no thermodynamical 
transition and the system is always localized. A 3D 
momentum-space lattice, which is more difficult to re- 
alize experimentally due to the large number of Raman 
pairs needed (A^ — , where L is the system size in 
each dimension), exhibits a true localization transition 
as A^ ^ oo. In Fig. Ofc) we plot the transition point as 
a function of A^, displaying the finite size scaling. In this 
case the transition point fiows toward a finite, non-zero 
value. 
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FIG. 3: (a) Visibility of the interference fringes as a function 
of A/ J, in a 3D system, (b) Flow of the "crossover" point to 
zero in a ID system, calculated (blue dots) and exponentially 
fitted (red line), (c) Same, for a 3D system. The "crossover" 
point flows to (A/J)c — 10, indicating a true transition, (d) 
Same for an ooD system: "crossover" flows to oo. 



Can we emulate an infinite-dimensional (but finite- 
size) momentum-space lattice? Instead of the matrix (O , 
infinite dimensionality corresponds to non-zero coupling 
terms in all off-diagonal elements. Such a setup would 
obviously require a prohibitively large number of Raman 
pairs. However, by coupling every level to the initially 
populated level, for which the number of Raman pairs 
needed is equivalent to that of the ID case, the system 
is governed by the Hamiltonian 
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which is similar to an infinite dimensional system of 
states n = 2...N (in the sense that all eigenstates are 
thermodynamically delocalized). As in the ID case, it is 
known that the Anderson model of infinite dimensional- 
ity does not have a phase transition (lCll| . However, here 
the system will remain delocalized, with the "crossover" 
point flowing to infinity (or, more precisely, scaling as N). 
This is shown in Fig. |2Id), where we plot the transition 
point as a function of the system size. 



An experimental demonstration may involve ultracold 
Li atoms, which allow significant momentum to be im- 
parted by laser beams. The atoms can be outcoupled 
from a Bose-Einstein condensate, and prepared in an 
initial state \F — l,mp = — l,A:o), with a velocity of 
vq ~ lOf^ and an energy of Eq ~ TAkHz. This state can 
then be Raman-coupled to the Zeeman-split m states of 
levels F — 1 and F — 2, providing a total of 8 accessible 
levels. Such a small number of levels cannot reproduce 
3D effects, but can provide measurable scaling results for 
the ID Hamiltonian and the effective ooD Hamilto- 
nian ifTUIl . These levels are accessible using pairs of laser 
beams (far detuned by hundreds of GHz from the single- 
photon resonance) , and detuned from each other with an 
accuracy of Ik Hz by means of acousto-optic modula- 
tors (AOMs). These laser beam pairs have been numeri- 
cally shown to create momentum states with energies in 
the range of — 300kHz, whose separation allows the 
neglect of off-resonant couplings (unaccounted for by Eq. 
© - see Fig. Ic). Random energies are realized by ran- 
domly setting the angles between the beams. The desired 
coupling strengths can be achieved with beam power of a 
few mW and beam waists of ~ 100/im. The AOMs allow 
quasi-adiabatic control over the coupling Raman beams, 
as required in order to probe ground state properties. A 
Mach-Zehnder interferometer can be realized by two per- 
pendicular pairs of standing- wave laser beams, forming 
the two beam splitters of the interferometer (as in [ll|). 
The interference fringes are then recorded by counting 
the number of atoms in the two scattered clouds in a 
time-of-flight image. Molecular or Rydberg atom exper- 
iments with larger N may be feasible 8], but merit sep- 
arate discussion of conditions Q and Q . 

To conclude, we have studied an intriguing fundamen- 
tal effect: strong localization of the momentum distri- 
bution of particles subject to TIE and intcr-state mix- 
ing. It may be revealed by interferometry of such parti- 
cles. Remarkably, even few-level diffracted particles allow 
for measurable scaling effects that bear the signature of 
strong localization. 
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